Abstract-The Dubins path problem had enormous applications in path planning for autonomous vehicles. In this paper, we consider a generalization of the Dubins path planning problem, which is to find a shortest Dubins path that starts from a given initial position and heading, and ends on a given target circle with the heading in the tangential direction. This problem has direct applications in Dubins neighborhood traveling salesman problem, obstacle avoidance Dubins path planning problem etc. We characterize the length of the four CSC paths as a function of angular position on the target circle, and derive the conditions which to find the shortest Dubins path to the target circle. The Dubins path problem had enormous applications in path planning for autonomous vehicles. In this paper, we consider a generalization of the Dubins path planning problem, which is to find a shortest Dubins path that starts from a given initial position and heading, and ends on a given target circle with the heading in the tangential direction. This problem has direct applications in Dubins neighborhood traveling salesman problem, obstacle avoidance Dubins path planning problem etc. We characterize the length of the four CSC paths as a function of angular position on the target circle, and derive the conditions which to find the shortest Dubins path to the target circle.
I. INTRODUCTION
Dubins path planning problem is widely used for path planning and trajectory planning for unmanned aerial vehicles with finite yaw rate. For the vehicles with finite yaw rate, it is natural to use Dubins paths to generate flyable trajectories that satisfy the curvature constraints. Given an initial and final points in a plane, and a direction at these two points, a Dubins path gives the shortest path between these points that satisfy the minimum turn radius constraints.
There are several results in the literature related to the Dubins paths [1] - [6] . In [1] , [2] , the analysis of the accessibility regions of Dubins paths is done and the Dubins synthesis problem are presented. The three points Dubins problem which is a generalization of the Dubins path planning problem is presented in [3] , [4] ; here, an initial and final configuration is prescribed along with a third point. The curvature constrained path between initial and final points should pass through the given third point. The curvature constrained path planning problem in the presence of wind is addressed in [7] , [8] . The problem of finding shortest curvature constrained path in the presence of obstacles is presented in [9] - [12] . Another generalization of the Dubins interval problem is presented in [5] , [6] ; it gives the algorithm to solve the shortest curvature constrained path between two points, where the heading is restricted to prescribed intervals at the initial and the final points. This generalization helped in improving the lower bounds for Dubins traveling salesman problem significantly.
In this paper, we propose another generalization of the Dubins path planning problem: Given an initial location and Corresponding author. Email: msngupta@gmail.com direction, a fixed target circle and rotational direction, find the shortest curvature constrained path from initial configuration to a point on the circle, such that the final heading of the path is tangent to the circle in the prescribed direction. This fundamental problems has significant applications such as the obstacle avoidance path planning, neighborhood Dubins traveling salesman problem [13] - [15] . This problem also arises when finding shortest path for a pursuit evader problem where evader is following a cyclical path. Thus the presented shortest Dubins path to a target circle has significant applications in several path planning problems.
In [16] , Dubins states that the shortest path consists of at most three segments, where each segment could be a circular arc or a straight line. If we represent the circular arc with C and, the straight line with S, the shortest path could be of the type CSC or CCC. Let L and R represent counterclockwise and clockwise circular arcs respectively; the shortest path should be one of the following six combinations: LSL, RSL, RSR, LSR, LRL, and RLR. When the distance between the points in greater than four times the minimum turn radius, the shortest path could be one of the four combinations of CSC paths [2] , [17] .
Clearly, the shortest path from an initial configuration to a point on the circle also could only consists of one of these six combinations, or the degenerate cases there of. If one could find the shortest possible path of each of these cases, that starting from the initial configuration and ends on the circular with the final direction tangential and at given orientation, then the minimum of all the six cases gives the shortest Dubins path to the circle. In this paper, we address the four cases of the CSC paths, i.e LSL, RSL, RSR, LSR. Under the assumption that the straight line distance between the initial position and any point on the circle is greater than four times the minimum turn radius, it is sufficient to just look at these four cases, however one needs to analyze all the six cases to find the optimal path for the general case. As a first step towards solving the general case, we address the problem with the assumption on distances.
A. Problem Statement
Given an initial configuration (x, y coordinates and the heading direction) (x i , y i , θ i ), the target circle, and the rotational direction (clockwise/counter-clockwise), find the shortest path, subject to the minimum turn radius constraints, from the initial configuration to a point on the target circle with final heading direction tangential to the circle in the specified rotational direction. Notations:
First or second arc/circle of the CSC path
Target circle r: Minimum turn radius and radius of the target circle θ :
Final heading of the Dubins path α :
Angular position of the final point on the target circle
Angle subtended by the first/second arc of the CSC path
Length of the straight line/middle segment of the CSC path II. MAIN RESULT Assumption 1. The distance between the initial and final position is always greater than four times the minimum turn radius (r).
Assumption 2. The radius of the target circle C 3 and the minimum turn radius of the vehicle are equal.
To find the shortest Dubins paths, one can aim to find the shortest paths of six classes of Dubins paths, and the one with minimum length among these six paths will be the shortest Dubins path to the circle. However, we restrict our analysis in this paper to the four types of the CSC paths, which is sufficient to find the optimal path under the Assumption 1. Note that, the analysis done in this paper is not just restricted to only the instances that satisfy Assumption 1, it also applies to any type of CSC paths when they exist. Furthermore, it is clear from the symmetry and the equivalency between dubins paths [18] , we need to analyze only two types of paths among the four CSC paths. The RSR and LSR paths are symmetrical to the LSL and RSL paths respectively, and therefore the results for LSL and RSL paths are directly applicable to the other two paths.
The heading direction at the final position on the circle is tangential to the circle, and this direction could be either clockwise or counter-clockwise to the target circle. Depending on the rotational direction chosen on the target circle, the shortest Dubins paths occur at different positions on the target circle. We analyze the LSL and RSL paths for these two cases separately in the subsections II-A and II-B.
A. Clockwise tangential direction Proposition 1. The maximum and minimum of the the LSL and the RSL paths with respect to α occur when the direction of the straight line segment passes through the center of the target circle.
Given the final heading direction is clockwise tangent to the target circle, we have θ = α − 
1) LSL Paths:
Without loss of generality we assume that the initial position is at the origin and the initial heading is towards the positive x-axis, i.e. the initial heading is at zero degrees with respect to x-axis as shown in the Fig. 3 . Let (c, d) be the centre of the target circle and r be its radius. We will express the length of the LSL path for an arbitrary position on the target circle as a function of the angular position, α.
Let (x, y) be the coordinates of the final position of the Dubins path, and θ be the final heading direction. Using Fig. 3 . LSL Path elementary geometry, one can see the centre of the second circle C 2 is (x − r sin θ, y + r cos θ). The length of the LSL path is given by the sum of the three segments, the first circular arc, the straight line and the second circular arc. Let φ 1 and φ 2 be the angle subtended by the first and second arc respectively, and let L S be the length of the straight line (second segment of the CSC path). The length L S is equal to the distance between the centers of the circles C 1 and C 2 . The length of the LSL path is given by the sum of these three segments L LSL = L S + r(φ 1 + φ 2 ). Using geometry, one can derive L S , φ 1 and φ 2 , and are given as the following:
For this case, as the final heading is in the clockwise tangential direction at the target circle θ = α − π 2 , and by substituting (x, y) = (c + r cos α, d + r sin α) in the equations (1 -2) gives the following:
One can find the maximum and minimum of the LSL paths by solving the following Proof. From Fig. 3 , the perpendicular distance from the center of the target circle to the straight line segment of the LSL path is r + 2rsin(φ 2 − π 2 ), which is equal to r − 2rcos(φ 2 ).
Fig. 4. RSL Path
2) RSL Paths: Without loss of generality we assume that the initial position is at the origin and the initial heading is towards the positive y-axis, i.e. the initial heading is at π 2 degrees with respect to x-axis as shown in the Fig. 4 . Let (x, y) be the coordinates of the final position, which lies on the target circle, and θ be the final heading direction. The centre of the second circle C 2 is given by (x − r sin θ, y + r cos θ). The length of the RSL path is the sum of the three segments L S + r(φ 1 + φ 2 ). Let L cc be the distance between the centers of the circles C 1 and C 2 , and it is given by
The length of the straight line segments and the angles subtended by the arcs are given as follows:
where ψ 1 and ψ 2 are given as
4 By substituting (x, y) = (c + r cos α, d + r sin α) and θ = α − π 2 in the eqs. (7), (11) and (12), L cc , ψ 1 and ψ 2 reduces to the following:
Lemma 2. The extremum of the length of the RSL path with respect to the angular position on the target circle (α) occurs when φ 2 = π 3 or 5π 3 ; and at these two positions, the direction of the straight line of RSL path (second segment) passes through the center of the target circle.
Proof. Refer to the Appendix for the proof. Proof. From Fig. 4 , the perpendicular distance from the center of the target circle to the straight line segment of the RSL path is r + 2rsin(φ 2 − π 2 ), which is equal to r − 2rcos(φ 2 ).
B. Counter clockwise tangential direction
Proposition 2. The length of the LSL and RSL paths vary linearly with the angular position (α) on the target circle, except for a discontinuity when the final arc of the paths disappears and the paths degenerate to two segment paths (LS or RS), and this corresponds to the shortest LSL or RSL path.
A sample plot of the length of these paths is shown in the Fig. 5 . We will prove this proposition in the following subsections for the LSL and RSL paths. 
1) LSL Paths:
The final heading direction is counterclockwise tangent to the target circle, and it implies that θ = α + π 2 . Substituting for (x, y) and θ in equations (1 -2) gives the following:
Clearly, the length of the first arc and the straight line segment are constant, and the second circle C 2 is co-located with the target circle C 3 . From eq. (3), one can see that length of the final arc changes linearly with α, except for a discontinuity due to the modulus function. This confirms with the plot of the length of the LSL path as shown in the Fig. 5 . The minimum of the LSL path occurs when the length of the third segment goes to zero, or θ = φ 1 , which means the direction of the straight line segment is same as the final heading. Thus, the LSL path is shortest at the position where the straight line segment is tangential to the target circle (point B shown in the Fig. 6 ), and here the LSL path degenerates to a two segment path LS. For any other position, the LSL paths would consist of these two LS segments, and a third arc on target circle C 3 as shown in the Fig. 6 . 2) RSL Paths: In this case, as the final heading direction is in the counter-clockwise tangential direction, θ = α + π 2 , and substituting this in eqs. (7)- (10) gives the folllowing:
Similar to the LSL path, the first two segments are constant for any α, and the circles C 2 and C 3 are co-located. Hence, the length of the RSL path varies only due to the third segment.
The value of φ 2 is a piecewise linear function of α, and the discontinuity as shown in the Fig. 5 is due to the modulus function which occurs when φ 2 goes to zero. Also, the RSL path is shortest when this third segment goes to zero, i.e. the point where the straight line segment is tangential to the target circle C 3 (point B shown in the Fig. 7 ). Lemmas 1 and 2 completes the proof for Proposition 1.
III. SUMMARY OF RESULTS
For a given rotational direction of the tangent at the target circle, using the analysis in Section II, we could find the shortest LSL and RSL paths. Due to the symmetry of the CSC paths, one could evidently extend these conditions to the RSR and LSR paths. In summary, one could find the shortest of any CSC path based on whether the rotational direction of the second arc (C 2 ) of the CSC path and the direction of the tangent at the target circle are same or different. (i) If they are same, the circles C 2 and C 3 will be co-located, and the shortest CSC path occurs when third arc disappears and the path degenerates to a CS path. (ii) If they are different, the shortest path occurs at the angular position on the target circle at which the second arc will be of angle π 3 , and the direction of the straight line passes through the center of the target circle. Now the path of minimum length among the shortest LSL, LSR, RSR and RSL gives the shortest CSC path: CSC min = min{LSL min , LSR min , RSR min , RSL min }. We summarize the conditions for the minimum and the discontinuity of the four CSC paths in the Tables I and II. Though we assume the initial heading to be zero for LSL and π 2 for the RSL paths in the Section II, the results could be generalized for any initial heading. We list the conditions in the Tables I and II for any given initial heading θ i . 
(ii)(φ 1 = 0) 
IV. CONCLUSION We considered a generalization of the Dubins path problem, which is to find a shortest Dubins path from an initial configuration to a final position that lies on a given target circle and the final heading is a tangent to the circle. We assume the distance between the initial and final configurations is always greater than four times minimum turn radius, and this leads to only paths of type CSC. We characterized the length of the four CSC paths with respect to the angular position on the target circle, and presented the necessary conditions for the minimum and maximum. The minimum of these four shortest paths would give the shortest Dubins path to the circle. We also derive for the angular positions (α), at which the lengths of these paths are discontinuous. Here, we assume the minimum turn radius for the paths and the radius of the target circle are equal, a first future direction would be to extend these results to the case when these two radii are different. Another future direction is to characterize the CCC paths, and all the six classes of paths would complete the analysis for the shortest Dubins path to circle.
V. APPENDIX A

A. Proof of Lemma 1
Proof. The length of the LSL path to the target circle is given by the summation of the three segments of the path,
. The length of the LSL path, L LSL is piecewise continuous due to the modulus operator in the values of φ 1 and φ 2 . And therefore, the derivative of this function is not defined when atan2( d+2r sin α−r c+2r cos α ) = 0 and θ −φ 1 = 0. To find the extremum of L LSL , we will differentiate it with respect to α and make it equal to zero. At the points where the derivative exists, it is given as following: . Now equating the first derivative gives the necessary conditions for the extremum.
It is clear from the 
To find the extremum of L RSL , we will differentiate it with respect to α and make it equal to zero. At the points where the derivative exists, it is given as following:
First, we wil derive the first derivative of these individual terms: Clearly, when the second arc is of angle 
